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Conclusions

This paper presents a technique for the prediction of the local and effective
behavior of piezoelectric composites with a periodic structure by using the
equations of the linear Toupin's piezoelectricity theory. For the calculation of
the local and effective coefficients, it is necessary to solve some periodic
problems on a cell. For laminated composites, these problems are solved
exactly, so the local and effective coefficients of piezoelectric laminates are
obtained in an explicit form.
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DYNAMIC ANALYSIS OF ELASTIC STRUCTURES
WITH NONLINEAR INTERACTION POINTS - MOTION LAWS
WITH STEADY AND SLOWLY VARYING AMPLITUDES

RimanTAs BarAUSKAS

Kaunas University of Technology

The paper presents techniques for the analysis of resonant elastic
mechanical structures with nonlinear interactions vibrating with steady or
slow-varying amplitudes. A motion law is expressed as a superposition of
some set of orthogonal periodic functions by employing the weighted
residual techniques. The harmonic balance method is shown to be a
special case of the approach. For obtaining the motion law analysis in
terms of slow varying amplitudes the time-averaging techniques are
employed. When integrating the averaged equations of motion numeri-
cally, harmonic components at each time station are obtained by means of
the Fourier transformation. The text is supplied with a numerical example.

Introduction

The displacement approach of the finite element method used for both the
continuous mechanical systems and those with lumped parameters leads to
the uniform model equations of motion

MU +CU + KU =w(U,U) +R(¢), (1)
where M,C,K - the matrices of the elastic structure, R(f) - the exciting force
vector, W (U st/ ) - the nonlinear force vector.

The steady motion laws of elastic structures as well as the transient ones
can be obtained by the direct integration of the equations of motion. If
damping forces are present, transient motions taking place after an external
force is applied to a structure cease after a certain time interval f*. The motion
law after the time point f* can reasonably be regarded as steady. Unfortunately,
for structures with high values of the mechanical Q-factor (high-quality
resonant structures) such an approach is very inefficient and it can even
lead to incorrect results because of a very large number of integration steps
until the steady motion law is obtained. In some cases even the existence of
periodic motion corresponding to a given excitation law remains unclear. The
principal source of rounding-off errors is an essential difference between the
magnitudes of conservative and dissipative terms in the equations of motion.
The inertia force MU and the elastic force KU predominate over the
dissipative force CU, |MU|>>|cU|, |KU|>>|cU I, but the dynamic
equilibrium condition implies the relation !Ml'/' + KU I ~ |CU , resulting in
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poor accuracy of the computer arithmetics.

There are several approaches enabling to avoid or to reduce the difficul-
ties mentioned above, €.g., [1,2,3]. As a rule, they can be applied directly to
structures with only several degrees of freedom. Regarding large structures,
some development is necessary. The analysis of steady motion laws in the
time domain can be carried out by finding the zero values of some algebraic
function obtained by integrating directly the equations of motion [4,5]. In the
frequency domain, nonlinear harmonic balance equations are obtained, and
the use of the averaging techniques enables to investigate transient motions
in terms of slow-varying amplitudes [1,6,7]. In [7] a combined harmonic
balance and direct integration approach has been applied to structures with
local nonlinearities.

In this paper a formulation obtained by employing weighted residuals is
presented, the harmonic balance method being a special case of the
approach under consideration. Numerical examples present high-frequency
impact vibration laws of a vibroconverter attached to a rigid plane by means
of a constant loading force, and the results are compared with the motion laws
obtained by employing direct time integration techniques.

The weighted residual approach for obtaining steadyvibration laws

Consider the matrix equation of motion of an elastic structure with
nonlinear interaction as (1) with the periodic excitation R(f)=R(t+7). The
motion law U(¢) of the structure during the vibration period is expressed by
superimposing a set of some 7-periodic time functions as

U(t)=N()U,, (¢)
where N(f) - the matrix containing time functions, and U ', - a constant
vector of the generalized nodal amplitudes. By substituting (2) into (1) and
by weighting the residual during the period the nonlinear equation is
expressed in terms of the generalized amplitudes U, :

L g A
AU, =[N'W(NU,NU,)dt+[N"R(1)dt, 3)
0 0

T P 3
where A= [(NTMN +NTCN +NEN )dr .
0

Nonlinear algebraic equation (3) can be derived by employing simple
iteration as well as the Newton-Raphson iteration scheme, the latter being
presented as

Uy =, + 4R, - aU, +R,), @
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where

T TOW T TIW| .
Ar:A—gN ?L_II,.Nd'_({N ﬁ]—1'de1,

SN T 5
RN =}.NTW(Nl};’NUA)d" RAszTR(t)dt’ ( )
0 0

and the notation | means "obtained by substituting the values NU,,NU,".

Application to unilaterally constrained structures
Consider a linear structural equation of motion with unilateral con-
straints

MU+CU+KU=R(1), ©
PU<d.

Substituting relation (2) into (6) and weighting the residual, we obtain
AU, =R, )
PNU<d.

The constraints of set (7) are to be satisfied at each time point during the
vibration period. By introducing the Lagrange multiplier vector Ar)=0, , the
following set of equations is obtained:

ity
AU, +[N"P"Adt=R,,
0 t))
PNU,=d

Alt),at each time point £, where A()=0,
0, if the reverse is true .

where 1(t)={

The physical meaning of the conjugate variables Alr) is expressed in
terms of normal force exerted by constraints upon a structure. According 1o
relation (2), the time law A(f) is approximated by a sum of 7-periodic
functions in the time interval [0,7T]:

A=NA. ©

Replacing the constraint PNU,=d at each time point of the interval
[0,7] by the projections of this constraint upon the subspace of the same
functions, the superposition of which leads to the approximation of the time
law A, we obtain

T T T"T
N PNdtU,=|N ddt. (10)
A
0 0
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Taking account of (10), set (8) is presented as

AU,+B"A=R,, :
BU'=D., (11)

where

T T
B =_|'1\7TPNdz e jﬁTddr .

0 0
From the system (11), A can be expressed as follows:

A=(Ba'B") (B4R, -D) (12)

If the time law 4(¢) is approximated by relation (9), it may occur that at
some time points 4 <0, and it can cause negative normal interaction forces.
In order to exclude negative values of A , the corresponding constraints
should be regarded as being inactive. Therefore, we consider the rows of the
constraint matrix as the time function P = P(¢) and define them as zero
values at the time points when the corresponding negative elements of the
vector A are obtained from relation (9). In general, iteration is necessary for
determining the active and inactive constraints.

When the values of 4(¢) are known, the generalized amplitude vector is
determined by the relation

U,=a"(R,-B"4). 13)

Analysis in the frequency domain employing the harmonic balance tech-
niques may be considered as a special case of the weighted residual
approach. The harmonic functions are employed as weighting functions

N(2).N(2)
N(t)=[I Icosat Isinwt Icos2at Isin2wt S &
N(1)= [i Icoswt Isinat Icos2wt Isin2ot ] (14)

Us I -the unity matrix of the dimension equal to the number of constraints,
i.e., to the number of rows of the matrix P, and 7=27/w. The generalized
amplitude vector consists of the sine and cosine Fourier amplitudes

u,=(v° 000200, ).

The finite element approach in time domain is obtained by dividing the
interval [0,7] into m finite elements, each of the length 7/m. When

where I - the unity matrix of the dimension equal to the length of the vector

?———_———
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employing the second order elements with three nodes, the generalized
amplitude vector on the i-th element is presented as

! U2i—1
U=NU, =[IN,, IN,,IN,] U, |, (15)
U2i+1
s 1
where N0=£(£2—1), N1=_(§_1)(§+1), N2=—§(§2—+), §=% ]

During each iteration the matrices for the whole time interval [0,7] are
obtained according to the general rules for assembling finite element matrices,
taking into account the periodic motion condition as U,=U,,,,,. The global
generalized amplitude vector is

i
vire (U], Uy o, i, )

Transient analysis of nonlinear vibration in terms of slow varying

amplitudes

Consider the matrix equation of motion of an elastic structure with
nonlinear interaction (1) with the periodic excitation R(t)=R(t+T). We
present the displacements and forces as truncated Fourier series as

P
U(r)= ZU: cos(k - 1)wt + Uf sin(k — l)a)t :
k=1

)4
R(:);ZRf cos(k —1)awt + R sin(k - 1wt @16)
k=1

R
W)= z ch cos(k — 1)t + Wsk sin(k — l)a)t s
k=1
where according to the definition U; =R = w!=0,and w=27/T. Em-

ploying the time averaging techniques, we consider the amplitudes
U:, Uf,k =1,p as time functions. After some transformation we obtain
the equation of motion in terms of amplitudes slowly varying in time:

& .

-

0 U,
2oM O Ucl

0 20M . A ({: =
2(p-1)oM 0 454
0 2Azp-NoM | (U?
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-oC K-o’'M
—K+a)2M -aoC

2

—(p-DwCc K-0'(p-1)’M

-K+a*(p-1)’M -(p-1aC

0 0 0

UC WC RC

0 1 1

O | f7W 1 | =&,

1 1 1

X Us + u/c = Rc
:p : L : i (17)

UC _WY _RS

e \W, ) LK

The matrices in equation (17) are block-diagonal. With no nonlinearities
present (W =0), equation (17) decomposes into k independent equations,
each of which enables to obtain the corresponding Fourier amplitudes. If
nonlinearities are present, it is necessary to solve equation (17) of the
dimension 2(p-1)nx2(p-1).

If nonlinear interaction forces are concentrated in the localized points
or zones of the structure, the vectors and matrices can be presented in
a block form, where blocks correspond to the linear and nonlinear parts
of the structure. The matrix inverse and other block operations correspond-
ing to the linear part of the structure are carried out during an initial
operation. As a result, during each iteration the nonlinear matrix equation of
the dimension 2(p - l)n2 x2(p- l)n2 is to be considered, where n -is the
number of the nonlinear degrees of freedom.

If the simple iteration scheme for solving the nonlinear equation at each
numerical integration step doesn't converge, the Newton-Raphson iteration is
necessary. In this case at eachiteration the derivative matrix JW /U,
is to be determined.

In the case of ill-conditioned stiffness matrix, i.e., if rigid body motions
of the structure are possible, set (17) cannot be solved, because it is necessary
to invert the matrix K at the very first iteration. As a way out from this
situation, the equivalent transformation of the matrix K and of the nonlinear
term W can be accomplished by presenting the left upper block of equation
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(17) as
0=-KU)+W> +R?, a7
where K=K+ mzmlk,.j I, Wc° = Wco - maxlk,.j Uf, with the nonsingular
J ij

~ 3
1,

matrix K.

Stability analysis of the vibration laws

The steady motion laws are always stable when obtained by numerically
integrating the equations of motion until transient vibrations cease. However,
some unstable laws can appear among the motion laws obtained by employ-
ing the weighted residual approach. The stability of the motion law is to be
checked by linearizing the nonlinear equation at the solution point and by
applying well known transfer matrices or Hill's determinant techniques, or it
is possible to investigate the stability of the motion laws by employing time-
averaged equations. In the latter case the linearized equation for checking if
the solution U’, is stable is obtained as

.]XA‘ (18)
UA

where the left-hand side matrix of equation (17) is denoted by B. To investi-
gate stability it is sufficient to evaluate the signs of the roots of the character-
istic equation of obtained from the differential equation (18), employing the
Routh-Hurwitz criterion.

U,
C?,4}.‘1

X, =B"[A+

Externally excited impact vibration of a rod-typevibroconverter loaded

by a longitudinal force

A rod-type vibroconverter (VC) presented in Fig.1 isemployed in
vibrodrives for creating a varying normal interaction force. A VC of the length
lis presented by a finite element model, the loading force being F, and
a longitudinal harmonic excitation force is P, ()= P sinwt . The computed

. ~PB(t) P()=

Fig.1. Finite element model of a vibroconverter.
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results are presented by employing the dimensionless quantities

= 1

SRt Rl e B R SN s SR i) 5

pbpe i g U=U(£)2, Fti, P=—,w=au(ﬁjz
1\ p I E B’ EF E

where E, p are the Young's modulus and the density of the material. The
dimensionless impetus of normal contact interaction forces is obtained from

the relation
1

§=i(£J2,
EFI\E

A mechanical Q-factor of the VC is assumed to be equal to fifty, i.e., 0=50.
Fig.2 and Fig.3 present the time laws of the right-hand end displacements
of the VC obtained by means of direct numerical integration of the equations
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F_ig.2 _Transient impact vibration of a rod-type Vibroconverter (VC), NEL=1,
P, =P, =1, @ =1.02(excitation during 90 periods, free vibration afterwards):
1

+—Uf, x=U" =((UC])2 +(U:)2);, 0-¢' =arctg(Ulc/US') .

.
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Fig.3. Transient impact vibration of a rod-type VC, NEL=10, 130 = [_’1 =1, @=102
(excitation during 90 periods, free vibration afterwards):

a) +-U,; x-§; ) +-U°; x-U';0-U* O-9"; -9¢°;
b) +-U%; x-U';0-9'; d) +-U’; x-U";0-U% O-U".
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of motion, and the time laws of Fourier component amplitudes obtained by

onl
gz 3 means of numerical integration of the time-averaged equations. The excita-
2.8 tion frequency is assumed to be resonant, i.e., @ =102, the number of
::i: elements being equal to 1 (two-mass structure, Fig.2) and to 10 (Fig.3). In
::2: the case of the two-mass structure the time-averaging approach enables to
:2:31 obtain satisfactory results taking into account only two Fourier components
-1.54 (p =2). However, it is not the case for the structure with 11 d.o.f. for a
:§;§ satisfactory representation of a motion law at least four Fourier components
v are to be taken into account (p = 4), Fig.3d. Fig. 2a presents direct integration

of equations of motion, time laws of the contact point displacements and
normal contact force impetus, obtained by employing 2400 integration points.
The time laws in terms of slowly varying amplitudes of in Fig.2b are obtained
by the numerical integration of time-averaged equations of motion taking
into account two Fourier components, p =2, 75 integration points, and
presents time laws of the contact point vibration amplitudes and phases.
The transient motion time laws in terms of slow varying amplitudes
obtained by employing time-averaging techniques are presented in Fig.4

s =ity =
e G ’1
4 15 Q 0.5
2- I \\ o
P’ s
D4 12 .Y/ -0.25
S IO ,
Py g / ,/r\f . .
I
: 6 / - DY 175
AR
3 o -2.5
’J o
s 0 -3.25
/ ’ 0.92  0.96 ¥ 1.04 s
Fig.5. AFCH and PFCH of the rod-type VC contact point, ﬁl =]:
8 2b 7] oh -3 7 I A 1 -u_nconstraincd v_ibration;
i 2.P, =1, p=2, k=10, NEL =10,
Fig4. Transient impact vibration of a rod-type VC at several values of the excitation | 3 ‘1-);) =15, p=2, k =10, NEL =10,
frequency, NEL=10, Fy= R =1, (+-U,; x-U";0-U?; O-U?) 4-P =1, p=2, k=10, NEL =1,
a) @ =0.99; b) @ =101, ¢) & =1.03; d) @=105 amplitude U'; - - - - amplitude U, .oooe..e phase @'
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taking into account four Fourier components. In Fig. 5 the AFCH and PFCH
are presented by several values of the load P. As a distinctive feature a
resonant frequency shift to the right in comparison with the resonant
frequency of an unconstrained VC and different steepness of slopes of the
AFCH is observed. Curves 1 and 4 show the difference obtained in the case
of one-element and ten element structures.

Conclusions

1. For the analysis of the steady motion law of structural equations with
nonlinear terms with unilateral constraints uponthe displacements the weighted
residual approach has been employed, and the well-known harmonic balance
method can be regarded as a special case. Motion laws in terms of the slow
varying amplitudes have been obtained by means of the time averaging
techniques. When integrating the averaged equations numerically, har-
monic components are obtained at each time station by means of Fourier
transformation.

2. The study of longitudinal impact vibrations of a rod-type vibroconverter
shows that the solution of time-averaged equations by considering two
Fourier components leads to satisfactory results only in the case of a two-
mass elastic system. For obtaining reliable results when considering structural
models, at least four Fourier components are to be taken into account.
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